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Abstract 

The spectral-scanning method may be used to determine 

the temperature profile of a jet- or  rocket-engine exhaust 

stream by measurements of gas radiation and transmittance, 

at two or  more wavelengths. A single, fixed line of sight is 

used, using immobile radiators and radiometers outside of the 

gas stream, and there is no interference with the flow. A given 

radiometric e r ro r  causes a n  e r ro r  in computed temperatures. 

The ratio between temperature e r ror  and radiometric e r ro r  de- 

pends on profile shape, path length, temperature level, the 

strength of line absorption, and the absorption coefficient and 

its temperature coefficient. These influence the choice of wave- 

lengths, for any given gas. Conditions for minimum tempera- 

ture e r ror  a r e  derived. Numerical results are presented for a two- 

wavelength 

pected in  a 

conditions 

measurement on a family of profiles that may be ex- 

practical case of H2 - combustion. Under favorable 

the fractional e r ro r  in  temperature approximates the 

fractional error in  radiant -flux measurement. For small path 

lengths, where gas absorptance is small, the temperature e r ror  

may be minimized by choosing widely -separated wavelengths. 
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The spectral scanning technjq-ue in the abas~rptron -emission method 

of gas pyrometry, provides a means of determining gas temperature 

along a path through the gas by using ra2dEaticm sezcbr~es and receivers 

located only at the ends of the path. ll-r the case of a jet- o r  rocket- 

engine exhaust stream, the inwtrumwtatian may therefore be outside 

of the stream, 

Any m e  measurement of radiant flux at the receiver represents 

the integral of radiant flux from every e ement of path length, weighted 

by the transmission factor of the path beween that element and the re- 

ceives. Both the flux and the transmkssim. factor are themselves 

functions of gas temperature, Any m e  measur ment of the numerical 

value of this complicated integral cannot provide the local temperature 

distribution, In the spectral scanning technique, two or more measure - 
ments a r e  made, each measure (i. e. 

a function that favors radiation fr m a narr~m spectral interval, the 

interval being different for  each measurement 

are chosen to give greater weight to the radiation from a particular 

portion of the optical patha Then, i f  the additicml prior assumption 

is made that the temperature distribution mu be characterized by j 

independent parameters, this d ~ s ~ ~ ~ ~ ~ ~ i ~ ~  can be derived, in principle, 

from j separate and independent rneasusemenk, provided one also 

knows the identity f the gas2 the local gas pressure\, and the depend- 

ence of absorption coefficient on temperature, wavelength, and pres- 

sure. From dimensional considerations, one of the j independent 

parameters must be a temperature, The other parameters may be 

each integral) itself weighted by 

The spectral intervals 



~~~d~~~~~~~~~~ quantities, such atas temperature i a t l l x ~  

ratimp tkzt deEEne the shape of the temperatur e -dislrrhutiu~ c \ i ~ v e .  

Each c-8 the %dependent measurements$ mentioned actually con- 

sists of the usual  set of three flux measurements used ic absorption- 

emission pyrometry: flux from the gas alone, flux f rom a reference 

SQUI ce alone, and f l u x  from the reference S ~ J U Y C ~  after i t  has passed 

through the gas, 

The accuracy with which one can determice thc temperature dis- 

tribution will depend on the judicious choice of the weighting functions 

for the indivj. ual integrals. Thus, the chrsice of the spectral interval 

which each measurement favors must be such as  to maximize the ac-  

curacy of temperature measurement This paper addresses itself to 

the problem uf spectral-interval selection, fox the case j : 2, for 

profiles that might be encountered i n  turbojet, ramjet, or racket en- 

gines using hydrogen as the principal fuel and mygere as the principal 

oxidant. 

The problem definition also requires an exact definition of what i s  

meant by Cvaccurac-y. p v  The measure sf accuracy that will be used in 

this report will be the error i n  ternparakure at m e  selected location 

along the path 

The temperature di stributisn will be awauaned to be represented 

by a curve characterized by tws parameters - a temperature and a 

numeric that defines the shape of b e  curve. The fractional error in 

temperature due to a. given fractional error in  flux measurement will 

then be computed for  various combinaticns cf wavelength and absorp- 
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t ion caeSflcient, IBL order t9 identify the combinaticn that yields the 

~rnalkest f; aclional error in  temperature, In order to provide speeifie 

mirnerical rt-su%ts, the example of infrared radiation from H20,  as 

or H2-air  combustion, will be treated in some detaii. 

SY 

spec %someter constant 

awrage line spacing 

second radiation constant 

derivative, Eq. (18) 

&a";"'W ratio 
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Method of Treatment 

In absorption-emission pyrometry, three flux measurements p 

and cp3 are made. These represent, respectively, the f l u e s  from 

the gas column alone, from the source alone, and from the source after 

passing through the gas column. is convenient for computational pus = 

poses also tu  irkroduce an intermediate variable, the overall transmis - 

29 

sicm factur “L . ca,/cp,. 

E n  the spectral-scanning method, several sets of such measurements 

a r e  made, at different wavelengths and perhaps at different effective slit 

wid‘chs, The number of sets must be not less than the number of independ- 
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a t  parameters that characterize the temperature dj stributicn a%csr,g the 

gas  c~Bumrr.. When the number of sets exceeds the number of parameter sy 

the redu~daficy kelps to reduce the statistical inaccu.racy of the results. 

In. th i s  p a p ~ r ~  the temperature distribution over the path 0 -CC x 5 L wil l  

be assumed to be characterized by two parameters: a temperature Tan 

and a nsndirnenaisnal factor n that characterizes the shape s f  the ten1 

perature prafibe, Thus, 

el, 

E t  will$ be assumed that two sets of f l u x  measurements are made; 

assigned subscripts a and b, respectively, and that, for each set, 

vane may select a mean wavelength h and a slit width AA. The formal 

e r ro r  analysis problem is to determin the e r ror  in  the deduced values 

of T, and n due to err rs in  the six f l u x  measurements. The in- 

verse experiment-design problem is to determine values of A,, Ab> 

AA,, and .&!b that will lead to low values of the e r ro r s  1 ~T,/’T, i 

and 

e r ror  I 6 q J q l .  The solution of the pr lem requires assumption rsst 

a physical model o€ the mechanisms 0% spectral emission and absorp- 

tion at each of the two spectrometer settings. 

-~--I--__-- 

” - - ~  -1_1____1_ 

I 6n,/n/ when all six flux measurements have the same fractional. 

Specifically, in the 

present treatment, it  requires assumptions of the magnitude and tem- 

perature coefficient of the absorpti 

A convenient approach to the p ompute the fluxes fora 

an assumed temperature distribution 93 that the qaps and qbPs are 

expressed as functions o€ Tm and n. ifferentiation then relates 

the e r ror  in  each p to e r ro r s  in  Tm and n through formulas of 

the general form 
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Soludm cf the simLiltaneous relations then yields the inverse expre~si-m 

of dT, and dn in  terms o€ the e r r o r s  in the iardividual q”’;. The 

algebraic express i~ns  are then converted to a statistical summaticxi nlk 

errors by summing the squares of the individual, independent erxor 

terms. Finally, the individual values o€ fractional e r ro r  in  f lux  meas- 

urements are set equal to each other- to establish the e r ro r  ratios 

E(’F,) 5 1 (samiTm)/(sq/qI 1 
E(n] = 1 (6n/n)/(6p,”p) 1 

General Equatkm for Gas  Radiation 

The flux from a nonisstherrnal gas  column sf  length L, measured 

by a receiver located at x a= 0, is 
w L 

pa =: A % ( A )  NX(& X ) W ,  XkXP 

where A i s  a cemsd-ant of the spectrometer, equal to the product of 

spectrometer transmission factor, entrance -slit area, and dispersing - 

element area (or collimating-elemerd area if there is one between the 

slit and the dispersar), divided by the square of the distance between 

slit and disperaorc 

The spectral radiance NX is given adequately for e r ro r  analysis 

latEckP s equation, The exponential is the by WienQs ~ ~ ~ r ~ x ~ m ~ ~ i ~ ~  to 

gas transmission factor ~ ( h ,  x) ~ 

k(h, X ~ T Q A ,  x) may be written as hQh, x),’ax. 

lass’ shows that the produ-et 

The spectrometer slit function g(X)  is appreciably different from 

zero over only a narrow span of wavelength. We define the effective 



slit width ~h as representing this span, and represent the integral 

by G, SQ that 

Equation (4) may be integrated over the wavelength by use of two ap- 

p ~ ~ x ~ ~ ~ t i ~ ~ ~ ~  (1) when Ah is small, may be considered independent 

of h over the span Ah; (2) when a spectral band model is available that 

allows one to effectively integrate ?-(h,x) over the span Ah9 T may be 

considered independent of h over this span and ?-(h9x) may be re- 

placed by 

E the band model. is to be valid, Ah must include enough spectral lines 

to produce an average a that is not sensitive to a further increase in 

n the other hand, Ah must be small enough so that it lies within 

the band and SQ that it does not exceed the limits within which conditions 

(I) and (2) are reasonably valid. 

With the approximations indicated above, Eq. (4) becomes 

Ira the ~ ~ ~ ~ ~ ~ t ~ ~ ~ - e m ~ ~ s ~ ~ n  method, where measurements are made of 

a%% three fluxes must be measured with 

the same value 01 6,  



9 

Equation (7) cannot be integrated analytically with most temperature 

und in practice, but adequate numerical. integration can be 

performed with any smasth profile. The path is divided into m iso- 

thermal zones, so that Eq. 

where si is the arithmetic average of NA, 

computed, using a band model, as described in the next section. 

and Nh, i+l and T~ is 

Gas Transmission Function 

The band-model formulation for a nonisothermal gas is based on 

5) of Ref. 3.  This formulation 

Ref, 4, and summarized in 

function of optkal depth UE given by 

= exp {-u/ [I=+ 

X 

has been justified and applied in 

The transmission factor T is a 

where k is the absorption coefficient at temperature T and partial pres- 

and p is the fine-structure coefficient. Both k and p a r e  

functions of T and hence of location x along the optical path Q 5 x 5 L, 

The value of p may be computed as 

p = 2 n y h  &1%> 
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where y is the line ha -width and b is average line spacing. The 

quantities k, ‘y9 and b must be known. The quantity pa, is a mass-  

weighted average of p over the entire path. An empirically-derived 

specification of the exp nent q in terms of the overall optical depth 

Although the above equations a re  used directly for profile determina- 

tion, approximations are necessary to permit presentation of the results 

of an  e r ro r  analysis in sufficiently simple form. It is impractical to 

treat both k and p as independent parameters; the number of independ- 

ent parameters must be limited to those with the greatest effect on 

accuracy, The variables we choose a re  the overall transmission factor 

the temperature coefficient H of the absorption coefficient, 

and the wavelength X .  The wavelength is important because of its strong 

influence on the spectral radiance, through lanckvs law. The trans- 

mission factor is chosen in  preference to the absorption coefficient 

because the former includes the effect of path length. A convenient 

and adequate approximation of H is computed by using the linearization 

where kQ is the absorption Coefficient at standard reference pressure 

- 2(Tm - T ) 9  where is a temperature and taking T = Tm av 0’ 
that i s  representative of the major flux-contributing portion of the 

hen Eq. (14) leads to 8 negative value of ko(T), k@) is to be taken as 

zero. A reasonable criterion for choosing is 



Q calculate T the following procedure is therefore followed: 

iven T(x) from the assumed temperature profile, P(T) from the 

gas composition and partial pressures and p from a direct tabulation 

or from values of y and b, findpav by Eq. (11). From the measured 

= T.(L), solve Eq, (9) for u and then estimate q from Eq. (13). 

Assuming a value of H, Eqs. (12) and (14) are used to express ko(T) 

ko(T,) in Eq. (IO). Integrating Eq. (10) over the entire 

path length L then yields 

ith ko(Tm) known, Eqs. (%4), (121, (IO), and (9) are now used, in that 

order, to determine ~(x), 

Error  Analysis 

Er ror  analysis is effected by differentiation of Eq. (8) and then r e -  

placing differentials of significant quantities by the e r rors  in those quan- 

ifferentiation of Eq, (8) requires determination of the differen- 

tials d ci and d(.pi - T ~ , ~ ) "  The expression for d Ri, obtained by dif- 

ferentiating Wienv s equation, is 

where dTi is represented in terms of Tm and n through the dffferen- 

tial of Eq. and c2 is lanckq s second radiation constant. 
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The differential. d(ai - ai+1) is evaluated numerically as follows: 

the value of 7. 5 a(xi) having been determined for given H, 

and T~~ an  increment d7 

constant, and a new value of T~ is calculated. The difference is then 

1 

is introduced, keeping H, Tm, and n 

his procedure is repeated for  T to establish dTi+l. The ii 1 
derivative 

is then computed. te in passing that 

but continue to work with T for conciseness. 

When Eq, (8) and its differential a r e  combined with Eqs. (17) and (18) 

and the differential of Eq. the result may be written as 

where f B  v14 and v2 depend on the temperature profile. 

When two sets of measurements are made, identified by respective 

subscripts a and b there result two equations of the form of Eq. (20) 

representing the differentials in the six flux measurements (through 

19)) due to differentials dTm and dn. Simultaneous solution of 

the two equations yields 

all six f lux  measurements a r e  now assigned equal fractional error, 

the corresponding e r ro r s  in T, and n are given by 
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where 

with subscript a or  b assigned to F, a , f ,  vI9 v2, and the e r ror  ratios 

a r e  defined by Eq, (3) .  These represent the sensitivity of Tm and n 

to e r ro r s  in flux measurement. The sensitivity is greatest when fa 

hence this difference ah uld be held large, while the F-values should be 

as small as possible. 

fb; 

Alternative determination absorption. - In those situations when 

is near unity, so that F becomes large, a smaller value of F may 

be obtained by estimating aL by analytic computation rather than from 

experimental f l u x  measurements 402 and qo3. This alternative approach 

is possible if a tabulation of ko is available and if a good a priori es-  

timate of the temperature profile can be made. (This estimate might be 

the profile first determined by the three experimental flux measurements. ) 

dko/ko)/(dq/p) be the ratio of the e r ro r  of the tabulated ko to 

the e r ro r  of flux measurement, Then Eq, 

2 2 2 2  F = VI + v 2 7  

ccuracy is thereby improved whenever 

E LE 

(24) can be replaced by 

Assumptions and ata for Computation of f and F 

o clarify what magnitudes of error ratios might be achieved in a 

practical application and what control might be exercised on these e r ror  
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ratios, numerical calculations have been made for a specific family of 

temperature profiles and for the infrared radiation from 

The profiles will be assumed to be given by 

where 

(27) 

and 

1000 i Tm i 3000K, O < n 5 1/2 

These profiles a r e  shown in Fig. 1. They resemble the transverse 

velocity and temperature distributions often found in ducts with axisym - 

metric flow. 

For this profile, dTi in  Eq. (17) becomes 

dTi = (1 - y:In)dTm 

) Ira yi) ( l/n2)dn 

and the values of f ,  vI9 v2 in Eq. (20) become 
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- T ~ L ~ A / ( o ~ c ~ T ~ )  

T i +  T i+ 1 )/2 

where all summations a re  for i = 1 to i = m. 

The values of F in Eqs, (24) and (25) a r e  adequately approximated by 

F/(hTm) 0.62 

C is the ratio of the measured fluxes p2 and c p 3 ,  while T~ 

is calculated from a tabulation of absorption coefficient. Equations (30) 

and (31) a re  plotted in  Fig. 2. 

radiation will be assumed to lie within the 1.9, 2. 

6-3p.m bands. ther assumed limits will be 

overall transmission factor 

temperature coefficient of k 

For  the profiles of Eq. (%6), Eq. (15) leads to 

and BOO percent of T',. Therefore a safe rule of thumb for 

that lie 
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is Tav ;-uv 0. 85Tm. Table gives values of ko and H for  Tav 
wavelengths that are of particular interest, because their use can lead 

to relatively small values of the error ratios. The values in Table 

are computed from the tabulations by Ludwig, et a1 of values of 6 

at 1 atm. pressure. The value of E for the data is on the 

order of 10. 

y and b are also computed from Ref. 6. Using 

values there tabulated, one obtains 

-k PN2) + 0. 44(TO/T) PH o/Po 

The value of b (designated d in ef. 6) can be approximated for H20 

by making it independent of wavelength and with a temperature depend- 

ence given by 

(3%) 
( 2  ) $p0) (T 0 / ~ )  

(33) 3 b = b (T I F )  0 0  

where 

bo = 0.5  at T o =  1500 

For a given amount of fuel and oxidant, the more important partial 

can be determined to allow computation of pres sure s and 

The approximations make @(a) the same at all wavelengths in  the range 

of A.  

7 
N2 

The error-ratio parameter f ,  Eq. as), is plotted in  Fig. 3 for  a 

particular wavelength in  each of three bands for T~ = 0.6; inter- 

polation may be used for any other wavelength. The quantity f is 

affected to a lesser degree by T~ than it is by X or  (f increases as 

decreases). Or, the other hand, parameter Eqs. (30) and (3  

more strongly affected by T~ than it is by X or 



To find a value of F by use of Fig. 2b, 7 must be estimated 

from the GpticaE depth kL. Figure 4 shows the relation between T~ 

and the optical depth kL a% an  isothermal gas column, in accordance 

with Eq, (9). The optical depth of a nsnisothermal gas column is an  

integral of the local value! k over the path . For the profile of 

261, this integral is approximated by 

- T,)%:] (34) 

for M 5 Tm/(Tm - TIL). 

value of k at TL, the quantity H should arbitrarily be assigned the 

limiting value Tm/(Tm - T ) if H is actually larger than this value. 

ince a larger value of M would give a negative 

0% the emitting gas is a representative value over the tem- 

perature range from to Tm. Representative values of 

are their values at the temperature T,,, used in the determination of H, 
S4.v 

Procedure far Compu.ting Error  Ratios 

The steps in  the computation of e r ror  ratios are: 

1, For given T m 9  n, H, and h, obtain the values of f from Fig. 3.  

2. For given and partial pressure P, use Eq. (34) and Table 

to compute the optical depth. 

3.  Compute, at temperature = 0.85 Tm, y from Eq. (32), 

and b from Eq, (331, assuming bo = 0. 5. 

4. Calculate p from Eq. (12). 

from Fig. 4. 

tain F from Fig. 2, choosing the procedure (measurement 

or calculation) which yields the smaller value ~ 

7.  Calculate the error ratios by Egs, (22) and (23). 
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Computed Error  Ratios 

he error ratias are pl;stted i n  Fig, 5 against path length If, for 

three cases: both measurements in  the same band (2.7pm); measure- 

ments in  adjacent bands ( 2 0  7pm, 6.3p.m); measurements in widely- 

different bands (I  ~ 

increases is due to the corresponding reduction in r and F, since 

parameter f remains constant. Values of T and c ~ L  along the 

curves a r e  listed in Table %I, The er ror  ratio is smaller at lower 

. The decrease of e r ror  ratio as 

m 

temperatures be cause 1) F is proportional to TmJ (2) F decreases 

with decreasing T which decreases with decreasing temperature, 

unless path length also decreases, For example, at a path length of 

I0 cm the "lowest Dbtainable e r ro r  ratio E(Tm) is about 7 at 3000 

THMUM WAVELENGTHS 

Given a gas of path length pressures PH = P and PN , 
2 2 

wall temperature T 

ing steps may be used to select the pair of wavelengths A,, Ab that 

will. minimize the e r ror  ratios E(??,) and E(n). 

and prior estimates of Tm and n, the follow- 

I. Use Fig, 3 to select approximate values of A,, Ab and correspond- 

ing parameters H to minimize the e r ror  ratio in accordance with the 

selection rule to keep ] f a  - fb 1 largeg and in accordance with considera- 

tions of convenience such at8 availability of detectors, fitters, or mono- 

chromators, Use  step (2) to confirm that the chosen combination of 

and X exists, 



2. By use of Table choose wavelengths ha, Ab' at which the de- 

sired values cf H occur, The e r ro r  ratio is minimized'when the longer 

wavelength has the more negative value of and the larger value of k. 

3, CGmpute e r ro r  ratios by the steps listed under *9?rocedure for 

Computing Error  Ratios. s v  

c G RE s 
The preceding discussion has treated e r ro r s  resulting from un- 

certainty in  flux measurement, Additional sources of e r ror  lie in  the 

knowledge ef the characteristics of the gas itself; these include the 

validity of the band model and, through it, the accuracy of the band- 

model parameters k and @. These are affected also by uncertainties 

in  knowledge s f  gas composition. 

lengths and the corresponding Planck function are known with negligible 

error ,  The use of widely separated wavelengths generally results in  

a, desirably larger value of the quantity Ifa - fb I . Such a large value of 

the difference is less dependent on the value of H or T~ or on uncer- 

tainty in the band model computation of ~ ( x )  by Eq. (9). 

n the other hand, the two wave- 

The examples show that E(Tm) increases as Tm increases and is 

quite large at short path lengths. The resultant e r ro r  ratio may be ex- 

cessive It is therebre appropriate to consider more desirable alterna- 

ne such alternative is to dispense with the restriction to infrared 

radiation and to examine the possible advantages of using ultraviolet radiation 

as well as i19%rared, At temperatures above 2000 

is sufficient to permit the measurement of its radiation in  the ultraviolet. 

radia - 

the pressure of 

is then possible to make one temperature measurement with 

tion, and only one temperature measurement with H2 radiation, The 



wavelength separation between ultraviolet and infrared is large. This 

wavelength separati n results in  a large difference of parameters 

I fa - fb I ~ The short wavelength of H reduces the value of IF, which 

is proportional to ATm, and of f to a lesser degree, as indicated by 

Fig, 3.  

E the method of temperature measurement with OH were not of the 

absorption -emission type, the quantitative conclusions of the present 

analysis would not hold, but the method of approach would still be valid. 
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aThis quantity is tabulated, rather than ko9 to facilitate linear inter- 
polation between columns. 

bEvaluated at TI = 0.85 Tm. 
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T E II. - T 

Xa2 pm== 6.667 6.66% 2.703 
2. 500 Xh9 p m =  1.786 2.878 

20 .652 .976' .652 .806 0.864 0.891' 
5Q .399  .94f .399  .610 .?lo .761 

100 .215 .415 .534 .601 

C m 'This quantity is 7 . Other sa re  7L. 



Figure Captions 

Fig. I. Assumed temperature profiles characterized by two parameters. 

arameter F as function of measured or calcu 

transmission factors. 

Fig. 3. Values of parameter f = f(X, H, n, Tm). 

Fig. 4. Overall transmission factor of an isothermal gas column. 

Fig. 5. Error  ratios for several wavelength pairs, as function of 

geometric path length. T, = 3000 K. 
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